Abstract. In this paper, we establish the existence of coupled coincidence point and prove coincidence point theorem for nonlinear contractive mappings in cone metric space over Banach algebras. Our results generalize some known results in cone metric space. Moreover, we verify the T-stability of iteration sequence.
Introduction
Cone metric spaces were introduced as a generalization of normal metric spaces by Huang and Zhang in [1] . They presented the notion of convergence of sequences in cone metric spaces and proved some fixed point theorems. Then after, many authors established the equivalence between some fixed point results in metric and in cone metric spaces see [4] [5] [6] . But some 1. x n converges to x whenever for every c θ there is a natural number N such that d(x n , x) c for all n ≥ N.we denote this by lim n→∞ x n = x or x n −→ x(n −→∝);
2. x n is a Cauchy sequence whenever for every c θ there is a natural number N such that d(x n , x m ) c for all n, m ≥ N;
3. (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
Definition 2.5. (see [5] )An element (x, y) ∈ X × X is called a coupled fixed point of mappings F : X × X → X if x = F(x, y) and y = F(y, x) Definition 2.6. (see [5] )An element (x, y) ∈ X × X is called
(1)a coupled coincidence point of mappings F : X × X → X and g : X → X if g(x) = F(x, y) and g(y) = F(y, x), and (gx, gy) is called coupled point of coincidence;
(2)a common coupled fixed point of mappings F : X × X → X and g : X → X if x = g(x) = F(x, y) and y = g(y) = F(y, x).
Proposition 2.7. (see [18] )Let A be a Banach algebra with a unite e, and x ∈ A.If the spectral radius ρ(x) of x is less than 1, i.e.
ρ(x) = lim n→∞ x n 1 n = in f n≥1 x n 1 n < 1.
then e − x is invertible. Actually,
Lemma 2.8. (see [19] ) Let u, v, w ∈ A, if u v and v w, then u w.
Lemma 2.9. (see [19] )Let A be a Banach algebra and a n is a sequence in A.If a n −→ θ(n −→∝), then for any c θ, there exists N such that for all n N, one has a n ≤ c.
Lemma 2.10. (see [18] )A be a Banach algebra with a unit e, x ∈ A, then the limit lim n→∞ x n 1 n exist and the spectral radius ρ(x) satisfies:
If ρ(x) < |λ|, then λe − x is invertible in A, moreover,
Lemma 2.11. (see [18] )A be a Banach algebra with a unit e, a, b ∈ A.If a commutes with b,
Lemma 2.12. A be a Banach algebra with a unit e, x n is a sequence in A. If there exist x in A have lim n→∞ x n = x, where x n commutes with x, for any n > 0, then
Proof: by lemma 2.11, we have
Because x n converges to x when x → ∞, so
that is
Lemma 2.13. A be a Banach algebra and x ∈ A. If ρ(x) ≤ 1, then lim n→∞ x n = 0.
When n is enough big, we have x n 1 n ≤ a, then x n ≤ a n . because a < 1, so a n → 0(n → ∞), then lim n→∞ x n = 0.
Main Results
Theorem 3.1. Let (X, Y) be a cone metric space over Banach algebra A and K be a solid cone in A.Suppose that the mappings F : X → X and g : X → X satisfies the following contractive condition:
for all x, y, u, v ∈ X, where k i ∈ K(i = 1, · · · , 6) are generalized Lipschitz constants with ρ(k 1 ) + converges to some non-zero element in A, for any two different Cauchy sequence gx n , gy n , then
A is a non-normal cone.
Proof: Let x 0 , y 0 be any two arbitrary in X, set g(x 1 ) = F(x 0 , y 0 ) and g(y 1 ) = F(y 0 , x 0 ), g(x n+1 ) = F(x n , y n ) and g(y n+1 ) = F(y n , x n ), then we have
From which it follows
We also have
, now, from (3.1) and (3.2), we obtain
Respectively (3.3) and (3.4)
So we have
By multiplying in both side of (3.8) by (2e − k) −1 , we arrive at
Denote h = (2e − k) −1 (2k 1 + 2k 3 + k), then by (3.7)we get
by lemma2.10, we conclude that
which implies by lemma 2.12 that
Since k 1 commutes with k, it follows that
that is to say, (2e − k) −1 commutes with (2k 1 + 2k 3 + k), then by lemma 2.11, we gain
Which establishes that e − h is invertible and h n → 0(n → ∞). We have 
Owing to
We have (e − h) −1 h n δ 0 → 0, (n → ∞), so by using lemma 2.8, 2. C, for all n, m > N, it is clear that
by virtue of the normality of K, then we have
Hence, it ensures us that
Which implies that d(gx n , gy n )is Cauchy sequence and hence convergent. Next, set lim n→∞ d(gx n , gy n ) = a, it is evident that 0 ≤ a. Finally, we claim that a = 0. Actually, if there exists n 0 ∈ N such that x n 0 = y n 0 , the claim is clear. Whithout loss of generality, we supposed that gx n gy n , for all n ∈ N. Notice that
Taking the limit as n → ∞, we obtain that
We claim that for each C θ, there exists n 0 (C) such that λ n C, such that for all n > n 0 (C).Consequently, a = θ, so we obtain a contradiction. The proof is completed.
Theorem 3.2. Let (X, Y) be a cone metric space over Banach algebra A and K be a solid cone in A.Suppose that the mappings F : X → X and g : X → X satisfies the following contractive condition:
for all x, y, u, v ∈ X, where k i ∈ K(i = 1, · · · , 6) are generalized Lipschitz constants with ρ(
, then F and g have a couple coincidence point in X.Moreover, for arbitrary x, y ∈ X, iterative sequence F n (x, y) converges to the fixed point.Further, F has a property P.
Proof: by using Theorem 3.1, we known gx n and gy n are two Cauchy sequences in g(X), so
there exists x and y in X such that gx n → gx and gy n → gy.Now, we prove that F(x, y) = gx and F(y, x) = gy.For that we have
which implies that
On the other hand, we have
Combining (3.11) and (3.12) yields that
Consequently, we obtain that
In view of gx n → gx, gy n → gy(n → ∞), then for each C θ, there exists N m , (m = 1, 2, 3) such that for all n > N m have d(gx n , gx)
.
By the proof of Theorem 3.1, we claim that, for each c θ, there exists N such that h n c for all n > N. Consequently, d(gx, gx * ) + d(gy, gy * ) = θ, that is x = x * , y = y * . Theorem 3.3. Let (X, Y) be a cone metric space over Banach algebra A and K be a solid cone in A.Suppose that the mappings F : X → X and g : X → X satisfies the following contractive condition:
for all x, y, u, v ∈ X, where k i ∈ K(i = 1, · · · , 6) are generalized Lipschitz constants with ρ(k 1 ) +
Proof:by utilizing Theorem 3.1 and 3.2, we obtain that F and g have a couple coincidence point u and v in X.Assume that gx n satisfies the following condition:for each c θ, there exists N such that for all n > N, d(F) c. we have
from which it follows
Add up (3.15) and (3.16) yields that Based on the proof of Theorem 3.1, it is not hard to obtain that d(gx n+1 , gx) ≤ hd(gx n , gx) + 2md(gy n , gy).
where h = (2e − k) −1 (2k 1 + k), m = (2e − k) −1 k 3 , and ρ(h) < 1 Setting a n = d(gx n+1 , gx), c n = d(gy n , gy), we can obtain that a n+1 ≤ ha n + mc n for each c m θ, there exists N such that for all n > N, c n = d(gy n , gy) c m . Then making the Lemma 2.10, we have a n c.That is to proof, the iteration is T-stable.The proof is over. for all x, y, u, v ∈ X, where α, β, γ are generalized Lipschitz constants, then then F and g have a unique couple coincidence point in X.Moreover, for arbitrary x, y ∈ X, iterative sequence F n (x, y) converges to the fixed point.Further, the iteration sequence is T-stable. 
